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Abstract: At present, GLV/GLS scalar multiplication mainly focuses on the Weierstrass curves, attempting to find
and construct more and more efficient computable endomorphism. In this paper, we study the applications of GLV/GLS
method on Jacobi Quartic curve. Firstly, we present the concrete construction of efficiently computable endomorphism for
this type of curves over prime field by exploiting birational equivalence between curves, and obtain 2-dimensional GLV
method. Secondly, we consider the quadratic twists of elliptic curves. By using birational equivalence and Frobenius map-
ping between curves, we present methods to construct efficiently computable endomorphisms of this type of curves over the
quadratic extension field, and obtain a 2-dimensional GLS method. Finally, we obtain the 4-dimensional GLV method on el-
liptic curves with j-invariant O or 1728 by using higher degree twists. The experimental results show that the speedups of 2-
dimensional GLV method and 4-dimensional GLV method than 5-NAF method exceed 37.2% and 109.4% for Jacobi Quar-
tic curves respectively. At the same time, under the three implementations above, the scalar multiplication on the Jacobi
Quartic curves is always more efficient than that on the Weierstrass curves.

Key words: elliptic curve;Jacobi Quartic curve; scalar multiplication ; GLV method; GLS method; efficiently com-
putable endomorphism
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k Ak, /T LB AE L = {(x,y) € Z%: x + yA = Omodn }
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R SRR S 2R | GLV A i e S e AT PE Al 52
et BRI . %FF Jacobi Quartic <k, 24 GLV FEEf4
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¥ Hom(E,, E,) Fm H1 E, 3] E, 19 T 4 7] J5 B 5
RS, W Hom (E |, E) B — AR . R E, = E, =
E, W Hom (E, E) &— A3, o 4L E 1) B R 253 (en-
, it fE End(E). X T £ &
¢, ¢ € Hom(E,E) HE P e E,UAT (b + @) (P) = d(P) +
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’
1 - dxix}

e: By, = E(x,y) & (u,0) =
2dx* + 2a(1+y)  4a(dy® + 2a) - 4d(1 - y)

y-1 (1-y) )

B = Ko (u,v) = (x,y) =
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E— E'EXAEF , R . BEr#E (F ) =5
r>2p" L Ly =dmd WAL E W P e E(F,)[r],
" (P)+ P = 0.

Wp=1mod6 FIBeF, & LE:y =« +B. #%$f
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3.1 Jacobi Quartic #iZk _F GLV /7%

AT % )& Jacobi Quartic £k 149 GLV s, 45 i1
ZIEMER LA RO A H RS BRI . R >
3, E:y = + Ax + B CAEA BRIBF, L i [ iy
2. m SCERL19 0T 0, B 15 Hh 28 E 5 — > Jacobi Quartic
M2k £, XA BEAE M 10 50 2 55 A 2 R B I 26 E A7 AE By
2B

EE3I WEEp >3,E: 9> =5 + Ax + BREXIE
WoF, EARER ML . ke (F) N BB ML E B
AAROHE R A RS g AR E R P e E(F)[n],
EAEN e ZH5 ¢ (P) = AP. B E FAEIEN 21
1, WAFAE Jacobi Quartic {28 E, FAR N 14 7] A 35005
H RS g, MRS EEN PeE,(F,)[n], ¥ A
¢, (P) = AP.

iERR TR E DAFTERY M2 IR, 1R
R, =(r,0). ZHCEK[19] M ik, % d=-Gr +
4A)/16,a = 3r /4, 5 LR E: VP = dX* + 2aX* + 1,0
ESE JE3k F, 0GB DU FRILST H

o:E—= E (x,y)» (X,Y) =

(Z(x -r) v +r)(x-r) - yZ),
y ¥y

ek, > E(XY) o (x,y) =

(2(1/ +1) r 4 +1)- 3r1X2)

X2 2’ X’

HT S ENE, FRARS Y, = oo™

W PeE(F)M AR n, ¢ BFRIEZ AN
X+ X + s, WAETEA €[0,n - 1|ffiT5 (P) = AP, Hith
AN X2+ X+smodn 9 — P B o F
Y+ +s=0,0

i rp, ts=ePle oo + s

=@(-rp-s)p +roge +5=0

Bl , 5 ¢ HA MR FRHEZ T X + 71X + s

BT P e E,(F,) [ n], #0454, (P) = AP. #

EH 4% Weierstrass Hi 2 i) B RSP R E] Jaco-
bi Quartic M1 I, INTfiT AT LATH 5] — > Jacobi Quartic [
2 i 2 4k GLV At e 41

Bl1 ¥p=1modd JE—NFEE, B EE LHEHR
iﬂsz,,J:El/‘J%HH%%Elzyz =x° + ax.

WaeF E—1470, MBS ¢ (2, y) = (—x, ay)
JE—AEXIEF, AR, By + 1=0. ik
E, EAETER A 209 5 R, = (0, 0), M4k & 2 3 31E B Al %0 .

77 Jacobi Quartic HHZE E; Y* = —%X“ + 152k E X

A RS , XA BELG
0:E, = Ep(x.y) > (X, Y) =(2x,2x; - 1),
Yo u
2(Y + 1) 4(Y + 1))
X? ’ X3 ’

¢7713E1 - El’(X’ Y) = (x’Y) = (
W& E, Bl AR0TEM RSy, R
Jy(X,Y) = ( -2 Y),

AR Y2 + 1= 0.

3.2 Jacobi Quartic 1%k _F GLS /5%

TR GLS F7 35 S 2 Jacobi Quartic M2k -, 15
U E RS,

TS WEHp>3,E:y =x+Ax+ BRHEX
TESRF, LRSI M BL#E, (F)=p+1-1 KE"N
E(F.) 8 ALl 2, W #E"(F ) =(p- 1) + 0% 4
2ME'(F ), rHE' (F )2 — 2 BH WL r > 2p, WIAF1E

SE XAEF , E#) Jacobi Quartic HI 28 £, Bl £k _E 7745 %%
R A Sy, AR P e E,(F ) [r], #4
Yi3(P)+P =0y,

R 2. 3R LRI B w R F L PR AR UOR
AVMEERN RN E y* =& + A’y + Bu®, H
#E'(F )= (p = 1) + 7. B N E E [ p-IK Froben-
uius BGE W g = ¢ TR BB A R 25, o o
E — E' R 5E CAEA IRBR P, b R R . X TR R
PeE'(F,)[r]#4¢*(P)+ P = O,

T 2HE (F ), BEHZE E' (F ) LAFAEB 0 2 1 A

R, =(r,0). & d=-(3r + 44u>)/16, a = 3r,/4, & L
LRE:Y =dX' + 20X + 1, E 5 E ZE80F . F XA
SEMY XA FEBRSTh

b= Ep(xy) = (X, Y) =

2(x - 1) (2x+7r)(x—1) -7\,

( y Y )

ik = E(X,Y) e (xy) =

(Z(Y +1) o 4Y+1)- 3r1X2)

X? 2° X’
TR ENE, (F ) BRI AT, = ede™,
MFy*+1=0,0
pi+rl=@ple! +1=-pp +1=0
HOMERI P e E,(F ) [ r,#A Y (P)+ P = Oy,
SE LS B 25 BRI LI TAT B LAEA IRELF,
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(p > 3)_I Jacobi Quartic #li £ , M\ 1fij 15 5] — 4~ 2 4E GLV
PR Ak
3.3 Jacobi Quartic HiZk F 44 GLV 7%

4T 15 # Jacobi Quartic £k b Y 5 5 4k GLV J7
o, FEAPIR T (DAY SCER[7 109 AR K GLY
5 GLS Ik A itk , R A E (F ) BRI A ANF Y
BRI . () fESESCHk[4, 6 1 AR, B HAE K AR
FARERTHIZL , nj AN A8 58 088 1728.

AN XT AN A 1728 (A B i £k 25 1 B 4
Y GLV ikt . R p = Imod4, I E:y? = 2° +
Ax g AR F, B RgMGBIh 2. A48 2. 3 e 1, 4%
ue FpJﬁT?f u' e sz,ﬁi)\(szJ:HﬁéﬁEI:yz =2 + u'Ax.
HR MW p, u, A ELEVHE, (F ) = 2r, Ko r 250 [
e, E— EI%XEF,‘XL%] b, (x,y) = (vPx,u’y). Wm
Mk E 129 p-IK Frobenuius B, ] H [[ 2%

Plx,y) = Gy (x,y) = (W) o’ (ula")'y")
SESCIEF , 1 B gt + 1= 0. H Tk, AL 00 B4
fr B ith 26 E, A [A) 2 o ¥ 46 2] Jacobi Quartic i
&KE, .

Mk E, FAFTERT A 2 (9 8 R, = (0,0), AR4E 51 1 7T

1 7 1E Jacobi Quartic fHk E: Y? = _u4A X+ 1 5

28 B, WA BLAE , XU BRBLET A
o E, = E,(x,7) > (X, Y) = (2’“,295 - 1),
Yy oy
20V +1) 4(Y +1
§071:E1 — K, (X, Y)'—>(x,y)=( (X:— )’ (X-: ))’
ML E, ETASGHFEN A RISy, N
b (X, Y) = oo (X, Y) = (' X", Y7"),
AT ARG IR + 1= 0.
Ut , X ANAR EE A O R B il £k TR) R T LALAS:

B —A~ 44k GLV Jr kb , ix BN F#5A

4 WESW

AT 18 3 S5 X Jacobi Quartic B2 F GLV/GLS b
IR SCRIATITAL , 75 Weierstrass 128 T 45
IR IE M ACRIAT R . A T R el SR —
PR AT I A A BAR i & SHGE R . TRy
128 thhpe b R 53 il BEFF Weierstrass 14k E Jaco-
bi Quartic fiZE (IS EE,, p, Fll p, F7 256 LA A1 128 L
B R 28, Hoh i A TR IS B0 A R E R,
AT DR T R TR e

J T PR BRI RCE  RATTFE— B BCE M Intel (R)
Core (TM) i5-6200U CPU 2. 30GHz 1 &AL FisfT T

SCH I Magma 2002040 SIS R w28 i £k b3
Fw-NAF J5 % 2 4 GLV Fl4 4 GLV b A 15, I e
BENTHRBOR.

WM. SN BRI F, i3 SFJr Rk
WSS, 2B gk G N R BRI THL. AH
L, m s R RRAT BRI, 1Rk P J57 FSR a5
HRAESCHR[ 7], X BB 1i=66m, 15=0. 76m, 11=290M, 1S
=0. 85M H M/m=0. 91. X} F* Jacobi quartic e HY
EET%}%*@?DH (A5 N ExtJQuartic) s X T Weierstrass ifi
2, f# 1 Jacobian A4 45 (i 5 4 Jacobian). 25 RN FEA
B AR (2P) N (P+Q) R AARINE , 735 R
9 DBL.ADD FlmADD. £ 1 45 H 7 = 2 i 28 1% i 1
BB B IR, Hoh MRS R AT Bk - e fnE
S TS R,

®1 AMAREIME ML L SEERTFHE

S/ ZR DBL ADD mADD
ExtJQuartic 2M+5S TM+4S 6M+3S
Jacobian 1M+8S 11M+5S TM+4S

e 7 ()3T 538 H AL HE B SRAE TR AR AR
e = AN B . ARYE S BT A R B R A ) SE I =, K
T w-NAF J5 ¥ 528, i 5-NAF 6758 5 % T 2 4 GLV 52
I, 4-NAF 7R 1938 L5 (1815 i 2GLV+INT (4-
NAF) ) ; % T 4 4E GLV 523, ffi FH 3-NAF 3R/ 19 28 L7
2 (75 S 4GLV+INT (3-NAF) ). % FI FH Scrik[22 ]
LM F I %  E R T 8% — Z A Arii /b 8 i I
8,0 H R E—A R EEH . X T Ext)Quartic £,
THE AL+ (12L = 4)M + (5L + 7)S, Hirp L Ry Wi+ 5
B0 172, T A RS T T4 bl it e i AS [R] A2
b, & RAEFU 5 A B X A 0 R A T A
SN K, X IRAT 208 T A RIS AR TR . Sak
M bR J5 M AT B AR BRI 2K 6T ExtJ Quartic [ 48, 75 2
L1+4M ; X} F Jacobian B £k, %5 22 11+3M+1S. £245H T
P25 it 2 LA [ b A e S B ik 1 B O B 00 R m
fliit.

T2 T AR S T A2 L Ar o
BB IT RS 3T ExtJQuartic f1£R, 2 4 GLV J7 1k 1 4
4k GLV J5 ¥ [ 5-NAF J7 2 43 il 42 3 K 29 37. 2% F0
109. 4%. [RIA AT LA H 2 = FOR TR B9S2 8005 3R, Ex-
tJQuartic £k I Fr i e RORABIE T Jacobian fh £k . Hk
Hi, X F 2 4E GLV J5¥, Ext]Quartic £k Lt Jacobian 12k
O3 SR K 2 13. 2%; % T 4 4k GLV J5 ¥ , ExtJQuartic
it £E Lt Jacobian [l 2% 4351 #E 18 K 24 13. 8%.
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i<k Ty AL MESIE Ji
E,(F.) 4AGLV+INT(3-NAF) 2i + 608m + 559 1164.8m 109. 4%
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